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Abstract 

Given for instance a finite volume negatively curved Riemannian manifold M, we 
give a precise relation between the logarithmic growth rates of the excursions into 
£/3 \ cusps neighborhoods of the strong unstable leaves of negatively recurrent unit vectors 

^"*^ ■ of M and their linear divergence rates under the geodesic flow. As an application to 

non-Archimedian Diophantine approximation in positive characteristic, we relate the 
growth of the orbits of lattices under one-parameter unipotent subgroups of GL2(A~) 
with approximation exponents and continued fraction expansions of elements of the 
field K of formal Laurent series over a finite field. Q 
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1 Introduction 



The excursions of geodesic flow lines into neighborhoods of ends of finite volume negatively 
curved manifolds have been studied for a long time, and Sullivan |Sul| proved a seminal 
almost sure logarithm law in the finite volume constant curvature case. More probabilistic 
aspects have been considered too (see for instance the works of Enriquez, Franchi, Guiv- 
' arc'h, Le Jan, as |EFJ| ). Sullivan's result has been extended by Kleinbock-Margulis |KM2| 

to finite volume locally symmetric spaces of non compact type, by Stratmann-Velani |SV| 
to geometrically finite constant negative curvature, by Hersonsky-Paulin |HP4| IHP5] to 
variable negative curvature and to trees, and by Athreya-Ghosh-Prasad |AGP1[ IAGP2| to 
some buildings. 

The ergodic theory and topological dynamics of the horocyclic flow in dimension 2 (or 
of the strong unstable foliation of the geodesic flow in higher dimension) has attracted 
a huge amount of studies (see the works in negative curvature of Hedlund, Furstenberg, 
Dal'Bo, Dani, Roblin, Sarig, Schapira, Smillie, as well as the recent jPPSt Chap. 9], and 
in higher rank of Ratner, Kleinbock-Margulis, Benoist-Quint and many others, see for 
instance |Esk| ). But strictly analogous problems of excursions of horocyclic flow lines or 
of the leaves of the strong unstable foliation have only recently started to be studied, see 
for instance the work of Athreya-Margulis |AM| for unipotent or horospherical actions in 
some locally symmetric spaces of non compact type, and also |Atb4 lKMl| . 

In this paper, we are interested in this problem of excursions of (projections of) horo- 
spheres into cusps neighborhoods, with Diophantine approximation applications, a com- 
ponent which is present in all the previous works. 



1 Keywords: negative curvature, geodesic flow, horocyclic flow, strong unstable foliation, cusp excur- 
sions, logarithm law, Diophantine approximation, continued fraction, approximation exponent. AMS 
codes: 37D40, 53D25, 11J61, 11J70, 20E08, 20G25 
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Let M be a complete, geometrically finite, Riemannian manifold with dimension at 
least 2 and sectional curvature at most —1. Let o : T M — > M be its unit tangent bundle 
and ((f>t)teM. its geodesic flow. For every v E T 1 M, let 

W su (v) = {w G T X M : lim d(o(</>- t v), o(<f>- t w)) = 0} 

t— H-QO 

be the strong unstable leaf of v, endowed with the naturally scaling Hamenstadt's distance 
d su (see Section [2j it coincides with the induced Riemannian distance when the sectional 
curvature is constant) and, when non compact, with the filter of the complementary subsets 
of its relatively compact subsets. 

Our main result, Theorem whose simplified version is given below, is a precise rela- 
tion between the logarithmic growth rates of the strong unstable foliation and the linear 
divergence rates of the geodesic flow. 

Theorem 1 For every v G T M which is negatively recurrent under the geodesic flow, we 
have 

d(o(w),o(v)) d(o(<j)_ t v),o(v))) 
hm sup — = 1 + hm sup . 

weW^(v) logd su {w,v) t^+oo t 

In the particular case when M is a finite volume orientable hyperbolic surface, we 
recover, by a purely geometric proof, the logarithm law for the excursions into cusps 
neighborhoods of the horocyclic flow due to |Ath|. Theo. 2.8]. 

We may also specify a set of cusps into whose neighborhoods we want to study the 
excursions of the strong unstable manifolds, as follows. Recall that a cusp of M is an 
asymptotic class of minimizing geodesic rays in M along which the injectivity radius tends 
to 0. For every cusp e, let r e : [0,+oo[ — > M be a representative of e, and let (3 e : M — > 
[0, +oo[ be the map x i— > max{ 0, limt_ J ._|_ 00 t — d(x, r e (t)) }. (One way to normalize f3 e is to 
ask for r e to be contained in the closure of, and start from the boundary of, a maximal open 
Margulis neighborhood of e (see for instance |BK[ IBow] IHP4| . it is a canonical neighborhood 
of the end of M to which converges e if M has finite volume).) Given a (necessarily finite 
since M is geometrically finite) set E of cusps, let /3e = niax ee £ j3 e . 

Theorem 2 For every v G T M which is negatively recurrent under the geodesic flow, we 
have 

(3 E (o(w)) Mott-tv)) 
lim sup — = 1 + hm sup . 

we w su (v) iogd su (w,v) t^+oo t 

We refer to Corollary Q2] for almost everywhere consequences of these theorems for the 
excursions of the strong unstable leaves in cusp neighborhoods. 

These theorems are valid when M is replaced by the quotient of any proper CAT(— 1) 
metric space X by any geometrically finite discrete group of isometries of X, see Section 

H 

Let us now give an application of our main result to non-Archimedian Diophantine 
approximation in positive characteristic (see for instance [Lasl ISch] for nice introductions). 

Let k = F q be a finite field with q elements, where q is a positive power of a prime p. 
Let A = k[X] be the ring of polynomials in one variable X over k and let K = k(X) be 
its fraction field, endowed with the absolute value | • | = | • |oo defined by 



P 

Q 



deg P—deg Q 



Let A be the completion of K for this absolute value, which is the field k({T~ 1 )) of formal 
Laurent series / = X^iez f(F~ l (where fi € k is zero for i G Z small enough), with absolute 
value | • | = | • |oo defined by 



f\=q 



-suptfeZ :Vi<j, f i= 0} 



For every f £ K — K , the approximation exponent v = v(f) of / is the least upper bound 
of the positive numbers v' such that there exist infinitely many elements -q in A (with 
P, Q relatively prime) such that 



'-5 



< 



Artin's continued fraction expansion of / £ A — A is the sequence (a.j = »i(/))ieN m ^4 
with deg aj > if i > such that 

/ = a H — ; ■ 



oi + 



1 

a 2 H 



1 
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Let = k[[X *]] be the local ring of formal power series / = X^ieN fi^ * ( wnere fi £ 
in T" 1 over k. An & -lattice is a free ^-submodule of rank 2 in the A-vector space A 2 . 
The linear action of GL2(A) on X 2 induces an action of GL2(A) on the set of ^-lattices. 
For every ^-lattice A, let A (A) be the unique n € N such that there exists 7 G SL2(A) 
and A G A such that A7A = G x A - ™^ 1 . For every / G A — A, let (u g = %(/)) ff€ # be 

the maximal one-parameter unipotent subgroup of SL2(A) whose projective action on the 
projective line Pi (A) = A U {00} fixes /. 

Using the geometric approach of |Paul| and the Bruhat-Tits building of (PGL2, A), we 
have the following result, relating, for a given irrational formal Laurent series /, the growth 
of the orbit of any ^-lattice under the one-parameter unipotent subgroup of SL2(A) fixing 
/ with the approximation exponent of / and with the continued fraction expansion of /. 

Theorem 3 For every f G A — A , we have 

A(u g G 2 ) _ o 2 _ 1 i r log \a r 



lim sup — — =2 = 1 + lim sup 



l 9 |->+oo loggM v log I a n Y\i =0 af I 

We give versions of this result for Diophantine approximation with congruence condi- 
tions in Section [5j 
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acknowledges the support by NSF grant DMS 1069153. The second author thanks the Mittag- 
Leffler Institute (Djursholm) where this paper was completed, and J. Parkkonen for the discussion 
of Corollary [T3J 
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2 Background on CAT(— 1) spaces 



We refer to [BH| for the definitions and basic properties of CAT(— 1) spaces, and the 
knowledgeable reader may skip this section. 

Let (X,d) be a proper CAT(— 1) geodesic metric space, and X ge ° = X U dooX its 
cone-topology compactification by the asymptotic classes of its geodesic rays. 

We denote by T l X the space of geodesic lines in X, that is, of isometric maps v : 1 1— >■ Vt 
from R into X. To simplify the notation, we will denote by vt instead of v(t) the image 
by v G T^X of t G R. When X is a (complete, simply connected) Riemannian manifold 
(with dimension at least 2 and sectional curvature at most —1), this notation coincides 
with the usual one, upon identifying a unit tangent vector and the geodesic line it defines. 
We denote by v± G d^X the points at =Loo of any v G T^X. The geodesic flow (<fit)teR is 
the action of R on T^X by translations at the source: cp t v : s i— > v s+ t f° r a U s,t£R and 
v G T 1 *. 

The Busemann cocycle is the continuous map (3 : d^X x X x X — > R, defined by 

H> Pt(x,y) = lim d(x,£ t ) - , 

t— »+oo 

where i i— > ^ is any geodesic ray converging to £. For every £ G 9ooA, the horospheres 
centered at £ are the level sets / _1 (A) for A G R of the map f : y /3^(y,xo) from X to 
R, and the (closed) horoballs centered at £ are its sublevel sets / _1 (] — oo, A]) for A G R, 
for some (hence any) xo G X. 

If C is a nonempty closed convex subset of X and £ G dooX — OoqC, the closest point to 
£ on C is the unique point of C which minimizes the map j/ H> /3^(y,Xo), for some (hence 
any) given xo G X. 

Let r be a discrete group of isometries of X. We denote by ir : X — > T\X the canonical 
projection of X onto its quotient metric space T\X, whose distance is again denoted by d. 

The limit set of T will be denoted by Ar, and the convex hull of this limit set by ^Ar. 
Recall that T is nonelementary if Card(Ar) > 3. The conical limit set A C T of T is the set 
of points £ G d^X such that there exists a sequence of orbit points of some (hence any) 
Xo G X under T converging to £ while staying at bounded distance from a geodesic ray 
converging to £. The points in A c r are called the conical limit points. 

A point p G doo X is a bounded parabolic point of T if it is the fixed point of a parabolic 
element of T and if its stabilizer T p in V acts properly with compact quotient on Ar — {p} . 
A discrete nonelementary group of isometries r of X is called geometrically finite if every 
element of Ar is either a conical limit point or a bounded parabolic point of T. 

Let Parr be the set of fixed points of parabolic elements of T. If T is a geometrically 
finite group of isometries of X, then (see for instance |Bow| ) the action of T on Parr has 
only finitely many orbits, and there exists a T-equivariant family (HB p ) pg p arr of pairwise 
disjoint closed horoballs, with HB p centered at p, such that the quotient 

r\(tfAT- (J HBp ) 

is compact, and any geodesic ray from the boundary of HB p to p injects isometrically by 
the canonical projection tt : X — > T\X. 
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For every v G T X, the strong unstable leaf of v is 

W su (v) = {w G T l X : lim d(w_t,w_ t ) = 0} . 

t— !-+oo 

The set {too : it) G Ty su (u)} is exactly the horosphere centered at V- through vq. 

For every v G T X, let d su be Hamenstadt's distance on the strong unstable leaf of v, 
defined as follows (see |HP1| Appendix], compare with [Ham] . see also |HP6| §2.2] for a 
generalisation when horoballs are replaced by arbitrary nonempty closed convex subsets): 
for all w,w' G W sn (v), 

d su (w,w')= lim e Hi»-*s»'-t)-t . 

This limit exists, and Hamenstadt's distance is a distance inducing the original topology 
on W sn {v). We will denote by B su (w,r) the ball of center w and radius r in the metric 
space (W su (v), d su ). For all t G R and w,w' G W su (v), and for every isometry 7 of X, we 
have jW su (v) = W su (-yv), (f> t W su (v) = W su ((f) t v), d su (jw,jw') = d su (w,w') and 

d su (<j> t w,(f>tw') = e t d su (w,w') . (1) 

Remark. (1) When X is a Riemannian manifold with constant sectional curvature, then 
Hamenstadt's distance is the induced Riemannian distance on the horosphere of base points 
of vectors of W su {v) (see for instance |HP2j ). When X is a complex hyperbolic space M^, 
then Hamenstadt's distance is a multiple of Cygan's distance, see |HP31 §3.11]). 

(2) When X is a metric tree, then d su (v, w) = min{t G R : V-t = W-t}- 

(3) Here is a coarse interpretation of Hamenstadt's distance. Let k > be fixed. Let r 
be the map defined on the set of couples of elements of T^X in the same strong unstable 
leaf, with values in [0, +00 [ , by 

t(v,w) = min{t G R : d(v-t,W-t) < k} . 

Then is its easy to prove that there exists a constant c > 0, depending only on k, such 
that 

I log d su (v, w) — t(v, w)\ < c . 
Finally, we denote by log the natural logarithm, with log(e) = 1. 

3 Penetration in horospheres 

We regroup in this section the geometric lemmas concerning the behavior of horospheres 
that we will need to prove our main theorem. We refer for instance to |PP1] for more 
information on the penetration properties of geodesic lines in convex subsets of CAT(— 1) 
spaces. 

Let A be a CAT(— 1) geodesic metric space. We will use several times without mention 
the first of the following lemmas, which is well known and follows by comparison with a 
geodesic triangle with an obtuse angle in the real hyperbolic plane ffi. 

Lemma 4 Let x G X and y,z G XUdooX be such that x is the closest point to z on [x, y]. 
Let q' G [x, z] and let q be the intersection point of [y, z] with the sphere or horosphere 
centered at z and passing through q' . Then 
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d(x,[y,z}) < ci =log(l + V2) , 
d(q,q') < C2 =21ogi±^. □ 

For instance by |PPH Lem. 2.9], for every horosphere H with center £, for every n £ 
9ooX — {<!;}, for every x,y £ H such that the geodesic rays [x, rj[ and [y, r][ meet i7 only at 
x and y respectively, we have 

d(x,y)<2 Cl . (2) 

Lemma 5 Let x,y £ X be two points in a horosphere centered at £ £ d^X, let z be the 
closest point to £ on [x,y] , and let z' be the closest point to y on [x, £[ . Then 

| d(x, z) — d(y, z) | < 2ci and | d(z! ,x) — d(z' , y) | < ci . 




Proof. This is well known, we only prove the second statement. 
If £i is the point at distance t from x on [x, £[ , and if qt is the 
intersection with [y, £t] of the sphere centered at £j through z', 
then d(z',qt) < C2 by Lemma 3] and 

| d(V , x) - d(z', y) | < | d(V , z) - d(g t , y) | + d(z' , q t ) , 

and lim^ +00 d(z' , x) - d(q t ,y) = (3^(x, y) = 0. □ 

Lemma 6 Let v £ T I and w £ W su (v). If d su (v,w) > e~ , then the closest point vt w 
to wq on the geodesic line ]v-,v+[ belongs to the geodesic ray }v-,Vo], and 

I logGf (u,Ttf) - \t w \ | < - . 

Proof. By the triangle inequality, we have 

d su (v,w) < e ^ d( - vo ' m) . 

If vt w does not belong to the geodesic ray ]v_,i>o], then d(vo,Wo) < C2 by Lemma [U 

C2 

which contradicts the assumption that d su (v,w) > e~2~. Then, using Lemma[5]for the last 
equality, writing A = B ± C instead of \A — B\ < C, we have 

d(v t , w t ) -2t = d(v , w ) ± 4ci 

= d(v ,v tw ) + d(v tw ,w ) ± 5ci 
= 2\t w \ ± (5ci + c 2 ) . 

By dividing by 2 and by taking the limit as t 
tends to +oo, this proves the result. □ 
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4 Horospherical logarithm laws 



Let X be a proper CAT(— 1) geodesic metric space, let T be a geometrically finite group 
of isometries of X, and let 7T : X — )■ F\X be the canonical projection. For all v G T l X, 
consider the nondecreasing map Q v : [0, +oo[ — >• [0, +oo[ defined by 

& v (s) = sup d(ir(w ),7r(v )) . 

w£B su (v, s) 

A map tp : ]0, +oo[ — > ]0, +oo[ will be called slowly increasing if i i — > ip(t) and t 1— > are 
nondecreasing for t big enough, if linn,_>._|_ 00 ip(t) = +oo, and if linn,_>._|_ 00 = 1 for all 

cel. Let a^p = limt^ +00 6 [0, +oo]. For instance, for all a > and a € ]0, 1], the 
map 1 1 — ^ a t a is slowly increasing with au = a if a = 1 and = +oo otherwise. From now 
on, we fix such a map ip. We use the convention that +oo + 1 = +oo for all t 6 [0, +oo]. 
Note that ip{t) ~ ^- i as t — > +oo if a$ ^ 0, +oo, where f(t) ~ <?(t) as i — > +oo is Landau's 
usual notation for f(t) — g(t) = o(g(t)) as t — > oo. 

Theorem 7 For all v G T X X such that V- is a conical limit point ofT, we have 

,. ©wO) . ,. d(%(v-t),ir(v )) 
iim sup —— r- = aw, + lim sup -r^ . 

Proof. We start the proof by making some reductions. Let us fix v G T l X and denote by 
Jft? v the horosphere with center V- through Vq. Let (HB p ) pg p arr be a T-equivariant family 
of pairwise disjoint closed horoballs as in Section [21 let H p = <9HB p be the horosphere 

o 

bounding HB p , and let Ap ar = UpePar r HB p be the union of the interiors of the horoballs 
HB p for p G Par r . Let A be the diameter of T\( ( ifA - X FaT ). 

Since Ar has no isolated point and since V- G Ar, the strong unstable leaf W su (v) 
is non compact. We endow W su (v) with the filter of the complementary subsets of its 
relatively compact subsets, and we will consider limits and upper limits of functions defined 
on W su (v) along this filter. What we have to prove is 

hmsup — — — = a^+hmsup -j- . (3) 

Since tp is slowly varying and by the triangle inequality, the validity of this formula is 
unchanged if we replace v by any other given element of W su (v). We may hence assume 
that vq £ ^Ar (note that Ar is not reduced to {«_}). Since V- G Ar, the negative 
geodesic ray W—oo o] is therefore contained in ^Ar. Since ip is slowly varying, by Equation 
(flj) and by the triangle inequality, the validity of Equation Q is unchanged by replacing v 
by (j>-t Q v for any fixed to > 0. Since V- is a conical limit point, we may thus assume that 
v G^Ar- A Par . 

Let us now introduce some more notation. 
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Hp 

Vo Vo 

For every p G Parr, let t p G ] — oo,0] be such that Vt p is the closest point to p on the 
geodesic ray fi-ocolj let z p be the intersection point with Jfij of the geodesic ray [ut p ,p[ , 
let q p be the closest point to V- on H p , and let v p be the unique element of W su (v) such 
that v?? = p. Note that the intersection with of the geodesic line v p is its time point 
Vq. For all p G Parr such that vt p HB p , let q' be the closest point to vt p on i7 p . For 
all p G Parr such that G HB p , let tp G ] — oo,0] be such that u t - (respectively v t +) is 
the entering (respectively exiting) point of the geodesic line v in (respectively out) of HB p , 
and let s p = t p — t~ > 0. 

C2 

By Lemma [6j for every p G Parr such that d su (v,v p ) > e~ , we have 

\logd su (v,vn-\t P \\<^^ . (4) 

By the initial reduction, for every p G Parr such that vt p G HB p , we have d(y t - , Txq) < A, 
tp < and d(^ t +,rxo) < A. The following estimate will also be useful. 

Lemma 8 Let p G Parr- If vt p G HB P , i/ien 

|d(«g,r^)-(|^| + s p )| <5ci + c 2 + A. (5) 

7/-y tp ^ HB p; then 

\d{v p ,Tvo)-{\t p \-d(v tp ,RB p ))\ <2ci + 2c 2 + A. (6) 

Proof. If Vt p G HB p , since the geodesic ray [<? p ,p[ isometrically injects in T\X and since q p 
belongs to ^AT and is the closest point to Vq on H p , by Equation ([2]), and by the second 
part of Lemma [5] for the last equality, writing A = B ± C instead of \A — B\ < C, we have 

d(i%,Tv ) = d(vl,q p ) ± A 

= d(z p ,v t -)±(A + 4 Cl ) 

= d(z p ,v tp ) + d(v tp ,v t -) ± (A + 5ci) 

= + s p ± (A + 5 ci + c 2 ) . 

The proof of the second assertion is similar: If Vt p ^ HB p , then 

d(vo,Tv ) = d(v^,q p ) ± A 

= d{z p ,q' p )±{A + 2 Cl +c 2 ) 

= d{z p ,v tp ) - d(v tp ,q' p ) ± (A + 2ci +c 2 ) 

= \t p \ -d{v tp ,HB p )±{A + 2c 1 + 2c 2 ) . □ 



Now that the notation is in place, let us prove Equation © by reducing both sides to 
computations inside the horoballs HB p , using the above notation. 

Let us endow the set Parr, and any infinite subset of it, with the Frechet filter of the 
complementary subsets of its finite subsets. We also consider limits and upper limits of 

o 

functions defined on this set along this filter. We denote by HB p the interior of HB p . 



Lemma 9 If {p G Parr 

otherwise 



v tp G HB p } is finite, then limsup 4 _ 



"-,Vl" o) = 0, and 



lim sup 

t— 5>+00 



d(v-t,Tv ) 

m 



lim sup 

o 

pGPar r : v tp £ HB p 



l*pl) ' 



Proof. For all t G ] — oo, 0] such that v% ^ -ATpar = Upgp a r r ^Bp, we bave d(v%, Tvq) < A, 
which in particular proves the first claim, since lim^ +00 ipit) = +oo. Let p G Parr be 

o 

such that vt p G HBp. For all t G [t~ ,t p ], let r be the closest point to v% on the geodesic ray 



J t -,P[ 



v t -,p[) < c\ and by convexity, since 



Since d(v tp 

the geodesic ray isometrically injects in T\X and 

since v.- belongs to ffAT and is the closest point to r on 
Hp, writing A = B ± C instead of \A — B\ < C, we have 

d(v t ,Tv ) = d(r, Tv ) ± ci 

= d(r,v t -)±( Cl + A) 

= d(v t ,v t -) ± (2ci + A) 
= |* — *— 1 ± (2ci + A) . 
Similarly, for all t G we have | d(vt,Tvo) — \t 



\r 













< 2ci + A. 



Since t i— > V(^) an d i ► ~J7T) are eventually nondecreasing, if |t p | is big enough, note 



is maximal as t ranges in ]t~ ,t p ] when t 



maximal as t ranges in [t p ,t p [ also when t = t p . Since | d(vt p ,Tvo) — s 



*3" aI1 ^ 



IS 



/' 



s p\ < 2ci by Lemma this proves the result. 



< 2ci + A, and 
□ 



Lemma 10 if {p G Parr : Vt p G HB P } is finite, then limsup wgH / f 
and otherwise 



d(wo,Fvo) 

'(") ?/>(log(i s "(u>,u)) 



hm sup — : — ? rr- 

weW su (v) ip(log d su {w, v)) 



a^p + lim sup 

o 

pGPar r : v tp £ UB p 



\t P \) 



Proof. Since V— G A c r, there exist C > and a sequence (7 n )neN in T such that 
linin^+oo d(vo,j n Vo) = +oo and sup neN d(^ n Vo, i>]_oo,o]) ^ C- m particular, since the 
family of pairwise disjoint horoballs (HB p ) pg p arr is locally finite in X, there exists a se- 
quence (p n )n£N in Parr such that lim n _> +00 t Pn = -oo and sup neN d(v tpn , HB Pn ) < C + A. 
By Equation (J4]) and Lemma [HJ since tp is eventually nondecreasing, for all p G Parr such 
that d su (v,v p ) is big enough, we have 

d(v%,Tv ) f \t p \ - d(v tp , HBp) - 2c x - 2c 2 - A |t p | - 5ci — c 2 — A 



^(log d s?t (y,?;)) 



> min 



5ci+c 2 ' 
2 



5ci+C2 
2 



In particular, 



d(w ,Tv ) d(vl ,Tv ) 
lim SU P Tn — l^H vT - lim SU P 771 lut v vT - a *l> ■ 



(7) 



Let w G W su {v) with d su (w,v) > e~2~. Let vt w be the closest point to w + on the 
geodesic line v, which belongs to Vj_ OOt0 j by Lemma [6] (see the picture below). Let z w be 
the intersection point with J4f v of the geodesic ray [i>t TO ,f?[, which satisfies d{z w ,Wo) < 1c\ 
by Equation ([2|). 

o 

If Vt w ^ ^p ar = UpGPar r HB p , then respectively by the triangle inequality, since v tw G 
ffAT, by the second claim of Lemma and by Lemma [6j we have 

d(w Q ,Tv ) < d(z w ,Tv ) + 2ci < d(z w ,v tw ) + 2ci + A < \t w \ + 2c x + c 2 + A 

^ ! ,*■>, i \ 9ci + 3c2 . 
< log d su {w, v) H + A . 



In particular, if {p G Parr : t>t p G HB p } is finite, since ip is slowly incrasing, we have 

c?(u;o,r?;o) log (i stt (w, «) 
hmsup — — — — < hmsup — — — — 

wew^(v) ipi}ogd su {w,v)) weW ™(v) y(\ogd su [w,v)) 

is at most , hence is equal to by Equation ([7]) . This proves the first claim of Lemma 

m 

o 

We may hence assume that {p G Parr : Vt p G HB p } is infinite. In particular, 

d(w ,Tv ) d(w ,Fv ) 
hmsup — — — — = hmsup — — — — 

u)GW™(«) Wogd su {w,v)) weW ^(v):v tw ex P&T ipi}ogd su {w,v)) 



> lim sup 

o 

pGPar r : vt p S HB P 



d(v$, Tv ) 
^(log d su (vP,v)) 



(8) 



Let us prove that the converse inequality holds. Since ip is slowly increasing, by Equation 
dH) and the first part of Lemma El this will prove Lemma [TU1 

£2. ° 

Let w G VF s "('y) and p G Parr such that d su (w,v) > e~ and G HB p . In particular, 
vt G HB„. Assume for instance that v+ G , v.+ \ . 

Let z(y be the intersection point with Jif v of the geodesic 
ray [v f +,p[, which satisfies d(z' w ,Wo) < 2c\ by Equation 
([2|). Then, again using the second claim of Lemma [5] for J4? v/ 
the final inequality, 

d(w , Tv ) < d(z' w ,Tv ) + 2ci < d(4,, u t+ ) + 2ci + A 



< d(z w ,v t +) + 4ci + A 

< , ) + d{v tw ,v t +) + 5ci + A 

< |^tw| + \tw - tp \ + 5ci + c 2 + A . 
The map from i+[ to [0, +oo[ defined by t w ^ ^fey^ 

i+ is small enough, with maximum reached at t w = t p . This maximum is at least ^ +Sp 02 




is nonincreasing if 

,\+s p —c 
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by the first assertion of Lemma Since lim^ +00 ip(t) = +00, this proves the converse 
part of Equation ([8]) , thus proves Lemma [TDJ □ 

Now Equation ([3]) , hence Theorem [7J follows immediately from Lemma [9] and Lemma 

M □ 

For every p G Parp, let B p : X — > [0, +oo[ be the (well-defined and 1-Lipschitz) map 
Bp '. x 1 — y max{0, lim t — d(x, r„(t))} , 

t— >+oo 

where r p : [0, +00 [ — >■ X is any geodesic ray from a point of H p to p. For every T-invariant 
subset E of Parr, let 

Be = m a x 07> , 

which is a T-invariant 1-Lipschitz map from X to [0, +00 [. The proof of the following 
result is the same as the one of Theorem [7J up to replacing the full family (HB p ) pe p arr by 
the subfamily (HB p ) pG E. 

Theorem 11 For every T -invariant subset E o/Parr, for every v G T X X such that V— G 
A c r ; we have 

v Pe(w ) B~ E (v- t ) 

hmsup — — rr = a^+hmsup — 77^—- □ 

w€W ^(v) ip (log d su {w,v)) ip{t) 

Theorem [2] in the introduction is a corollary of Theorem [TT], since replacing B p by 
P p + Cp for any constant c p G R depending only on the orbit of p under T does not change 
its validity. 

Note that under the hypothesis of an almost sure logarithm law for an invariant measure 
of the geodesic flow, the right hand sides of the equations in Theorem [7] and Theorem QT] 
are an easily computed constant for almost every v, hence so are the left hand sides. In 
particular, the following result follows from |HP4[ Coro. 6.1] and |HP51 Coro. 1.2]. The new 
assumptions are satisfied in particular if the Riemannian metric of X is locally symmetric 
in at least one horoball centered at each parabolic point. We refer for instance to [Rob] for 
the definitions and properties of the critical exponents and of the Bowen-Margulis measure. 

Corollary 12 Let (X, V) be as above, with Parr nonempty. Let 8 be the critical exponent 
of r. Assume furthermore that either X is a locally finite tree, or X is a Riemannian 
manifold with pinched sectional curvature such that, for every p G Parr, if 5 p is the critical 
exponent of the stabilizer T p of p in V, then S p < 5 and there exists c > such that 
I e 8 p n < Card{a G T p : d(x , ax ) < n} < c e SpH for all n G N. 

Then for almost every v G T l X for the Bowen-Margulis measure ofT on T l X , we have 

lim SUP — r = £ty . 

s^+od 1p(lOgS) 

Proof. Let So = max pe p arr S p < 5. 

First note that, by |Robl §2], the set of elements v G T l X such that v+ G A c r has 
full measure for the Bowen-Margulis measure. Also note that since tp is slowly varying, if 
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7^ +00, then lim t ^ +00 ^j|y = 0. Hence if / +00, by Theorem [TJ we have, for almost 
every v G T l X for the Bowen-Margulis measure, if lim sup t _j. , ^ d ^"- t ^ v °) [ s finite, then 



km sup — = a^ + hmsup — jim — — = , (9) 

yj{logS) log* t^+ooTp{t) 

a formula which is also true if clj, = +00. 

In the locally finite tree case, |HP5l Coro. 1.2] applies directly, since it proves that 
lim sup t _j. +00 = 3 for almost every v G T 1 ^" for the Bowen-Margulis measure. 

Assume hence that X is a Riemannian manifold as in the statement. The only as- 
sumption of [HEU Coro. 6.1] that is not an assumption of Corollary [T2l is that there exists 
d > such that £ e Sn < Card{7 G Y : d(x ,7x ) < n} < d e 5n for all n G N. 

By |DOP| , the assumptions that T is geometrically finite and that S p < 5 for all p G Parp 
imply the finiteness of the Bowen-Margulis measure on Y\^X. By |Dal| since Parr 7^ 0, 
the set of the translation lengths of the hyperbolic elements of T is not contained in a 
discrete subgroup of R. By [Rob], the extra assumption above is satisfied (and there is 
even an asymptotic equivalent Card{7 G T : d(xQ,^fXo) < n} ~ d e Sn as n — > +00). Since 
the conclusion of |HP4| Coro. 6.1] is that limsup t ^. +OC) rf ^Y^^ tlQ ^ = 2(8-8 ) ^ or a l mos t every 
v G T l X for the Bowen-Margulis measure, Corollary 1121 follows from Equation ([9]). □ 

Remark. Since the results |HP4l Coro. 6.1] and |HP5| Coro. 1.2] are valid cusp by cusp, 
a statement analogous to Corollary [12] for a prescribed set of cusps is also valid. 

As another application of our main theorem, here is another consequence, for the 
behavior of strong unstable leaves, of properties of the geodesic flow. 

Corollary 13 If Y is convex-cocompact, then for every v G T l X such that V— G Ar, we 
have limsup s _ >+0O = 1. 

IfT is not convex-cocompact and if X is a Riemannian manifold of dimension at least 
3, then for every a G [1, 2], there exists v G T l X such that limsup SH . +00 ^j^j = ct. 

Proof. The first claim is immediate from Theorem [T] The second one follows from the 
techniques of |PP1| §5.4]. □ 

Given ct G ] 1 , 2] , it would be interesting to study the Hausdorff dimension of the set of 
elements v G T l X such that limsup s _ ) . +00 -j^r = ct. 



5 An application to non-Archimedian Diophantine approxi- 
mation 

For aU n > 2, let be the upper halfspace model of the real hyperbolic space of dimension 
n. Applications to Archimedian Diophantine approximation may be obtained, as in the 
case of X = and Y a congruence subgroup of PSL^Z) (see for instance |AM] ). by 
taking for instance X = Hjg and Y = PSL(^?) where G is an order in the ring of integers 
of an imaginary quadratic number field, or X = and Y = PSL(^?) where G is an order 
in a definite quaternion algebra over Q (see for instance |PP2| ). But in this paper, we 
concentrate on the applications to non-Archimedian Diophantine approximation. 
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We start this section by restating a version of Theorem [TT] in the particular case of 
trees, which will be more directly applicable for our arithmetic applications. 

Let T be a localy finite tree (endowed with the maximal distance making each edge 
isometric to [0, 1], which is CAT(— 1)). Let VT be its set of vertices and Aut(T) its locally 
compact automorphism groups (which is contained in its isometry group). Let T be a 
geometrically finite subgroup of Aut(T). Up to taking the first barycentric subdivision of 
T and rescaling, we assume that T acts without inversion (that is, no element of T maps 
an edge of T to its opposite edge), so that T\T has a unique structure of graph such that 
the canonical projection T — > T\T is a morphism of graphs. By the structure theorem 
of |Pau2| (improving on the algebraic cases of Serre |Ser| and Lubotzky |Lub| ). with E 
the finite set T\Parr, there exist a finite subgraph of T\^Ar and for every e G E, a 
geodesic ray p e : [0, +oo[ — > r\^Ar with origin a vertex, which lifts to a geodesic ray in 
T converging to any representative of e in Parr, such that T\'WAT is the disjoint union of 
<S and the open rays p e (]0, +oo[) for e G E. 

For every e G E, define a map A e : VT — > [0, +oo[ by A e (x) = n if Tx = p e {n) (such 
an n is unique if it exists), and A e (x) = otherwise. Note that if e is an element of 
Parr whose image in T\ Parr is e, since p e lifts to a geodesic ray converging to e, there 
exists a constant c£i such that /3{gi(i) = A e (i) + c for t big enough, with the notation 
before Theorem QTJ Also note that two geodesic lines in T, starting from the same point 
at infinity, coincide up to translation on a neighborhood of — oo. For every non- isolated 
point G dooT, we endow OoqT — {£*} with the filter of the complementary subsets of its 
relatively compact subsets. Therefore, the following result follows immediately from the 
definition of Hamenstadt's distance and Theorem 1111 

Corollary 14 Let G A c r and rj* G dooT — {£*}. For every r/ G dooT — {£*}, let 
t i— > rj(t) be the geodesic line from to rj such that r/*(0) G VT and rj(t) = r/*(t) for t 
small enough. Let <5*(r/, r/*) = ini{t G N : V s > t, rj(—t) = ?7* (—£)}• Then for all e G E 
and ip : ]0, +oo[ ]0, +oo[ slowly increasing, we have 

A e (7 ? (0)) AeM-t)) 

hmsup — — ; rr- = Ow, + lim sup — . □ 



Let us now give our applications to non-Archimedian Diophantine approximation. We 
follow the notation of [Paul] , in particular as recalled in the introduction for k = ¥ q , 
A = k[X], K = k(X), K = k{(X~ 1 )), G = MpsT" 1 ]], |-| = and, for every / G K-K, its 
continued fraction expansion (a n = a n (/))neN an d its approximation exponent v = v{f). 

For every / = X^igz fi^~ l ^ ^> ^ ne i n t e 9 ra l P ar t [f] of / is ^2 i<0 f{T~ % G A and its 
fractional part {/} is Y,i>ofi T ~ i G X~ l &. Artin's map V : X~ x 6 - {0} X~ l @ is 
defined by / i— > {1//}. Given / G K — K, we have ao = [/] and if n > 1, then a n = 
[ ^,»-i(/_ ao ) ]- Consider the sequences (-Pn)„ e Nu{-i} and (<3n)neNu{-i} in A inductively 
defined by 

P_i = l,Q_i = 0,P = ao,Qo = 1 

and for every n G N 

-fn.+l = ttn+lPn + Pn-1 & n d Qn+1 = a n+lQn + Qn-1 • 
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Then P n and Q n are relatively prime, and 



* t ^ I 

Qn 



ai + 



a 2 + 



1 

H 

an 



is called the n-f/i convergent of /. The sequence (^) ng pj converges to / (for the above, 
see for instance |Las| ISch| . as well as |Paul| for a geometric explanation). 

The action of GL^if) on the set of ^-lattices induces an action of K* by homotheties 
on this set, and we will denote by [A] the homothety class of an ^-lattice A. 

Remarks. (1) Note that ^-lattices A in K 2 behave, from the topological viewpoint, 
very differently than Z-lattices in M. 2 : they are compact open additive subgroups of K 2 , 
and hence K 2 /A is infinite and discrete (thus non compact). Furthermore, for any norm 
|| • || on K 2 , we have inf,j. 6 A— [0} = 0. 

(2) The set VT^ (see below for an explanation of this notation) of homothety classes 
of ^-lattices in K 2 can be endowed with the quotient of Chabauty's topology on closed 
subgroups of the (additive) locally compact group K 2 , or, equivalently, with the topology 
of an homogeneous space under the transitive (linear) action of PGL^if ). Note that this 
topology is discrete since PGL2(^?) is open in PGL^if ), again a major difference from the 
case of Z-lattices in R 2 . The map A defined in the introduction induces (by passing to the 
quotients) a proper map from PSL2(-A)\VT^. to N. This map is an ultrametric analog of 
the inverse of the systole map on Z-lattices with covolume 1 in M 2 , whose properness is 
called Mahler's criterion. 

Let us fix a nonzero element of A. Consider Hecke's nonprincipal congruence sub- 
group 

r <2* = {(c I) ^ SL 2(A) : c=0 modQ*}, 

which has finite index in SL2(A). For every ^-lattice A, define Aq i( (A) = n if there exists 
7 G r?, such that [7 A] = \G X X~ n @\ and Aq,(A) = otherwise. 

For every / G K — K, recall that (u g = u g(f)) ge K 1S * ne max i ma l one-parameter 
unipotent subgroup of SL^if) whose projective action on Pi (if) = K U {00} fixes /. For 
every / G K — K , the approximation exponent vq^ = VQ„(f) of f relative to is the least 
upper bound of the positive numbers v' such that there exist infinitely many elements |j 
in K with P and Q relatively prime and Q = mod such that 



< 



Theorem 15 For every f G K — K , we have 

v A Q > g ^ 2 ) 2 log|a n+ i| 
urn sup — j— j — =2 = 1 + nm sup 



|fl|-H-oo lo Sq \9\ VQ t rw+oo : Q n =0 mod Q* log |«n+l lli=l a i 
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Theorem [3] in the introduction follows by taking = 1. 

Proof. We will apply Corollary 1141 with T the Bruhat-Tits tree of (PGL/2,if), whose 
definition and useful properties we start by recalling (following |Ser| ). 

The Bruhat-Tits tree Tg- of (PGL2, if) is the graph whose vertices are the homothety 
classes of ^-lattices in if 2 , two vertices x and x' being joined by an edge if and only if there 
exist representatives A, A' of x, x' respectively such that A' C A and A/A' is isomorphic to 
GjX^G. 

We identify as usual the projective line Pi (If) with if U{oo} by the map if*(x, y) 1— >■ |. 

We denote by (g,x) 1— > g-x the projective action of g G GL^if) on x G Pi (if) = if U{oo}. 

The action of GL^if) on the set of ^"-lattices induces an isometric action of GL^if) 
on Tg.. Note that SL2(if) acts with two orbits on the set of vertices of Tg. There exists 
one and only one homeomorphism between dooT^ and Pi (if) such that the (continuous) 
extension to OoqT^ of the isometric action of GL2(if) on Tg- corresponds to the projec- 
tive action of GL^if) on Pi (if). From now on, we identify OoqT^ and Pi (if) by this 
homeomorphism. 

We denote by HBqo the horoball in with center 00 whose boundary contains the 
vertex \& 2 \- Note that SL2(^4) is a geometrically finite group of isometries of Tg-, with 
only one orbit of parabolic points, and that (7HB 0O ) 7G gL 2 ( y 4) / /gL 2 ( j 4) oo is the associated 
SL2(j4)-equivariant family of maximal horoballs with pairwise disjoint interiors (see |PauH 
§6.2]. The geodesic ray from \G 2 \ to 00 G dooTg-, whose sequence of consecutive vertices 
is {[& x X~ n ff]) neN , injects onto the quotient SL 2 (A)\Tg. 

Let us fix / G if — if. We are now going to apply Corollary Q31 with ip = id (so that 
(ty = 1), T = Tg-, r the image of Fq^ in Aut(T) (which is also a geometrically finite 
subgroup with Parr = P ar PSL 2 (A) = Pi(-^f) = if U {00}), £* = / (which is a conical limit 
point, since / is irrational and the limit set of PSL2(A), hence of T, is the whole boundary 
at infinity), 77* = 0, and e = Too. 



00 




= 7/ -9 



The sequence {\G x X~ n ff]) n ^ of consecutive vertices of the geodesic ray in from 
\G 2 \ to 00 isometrically injects in SL2(^4)\T^, hence in Tq^\T^. Therefore, there exists a 
constant c G M. such that for every ^-lattice A, we have 

|A e ([A])-A g ,(A)|<c. 

The element 7/ = (^// 1 ) ^ SL^if) maps projectively 00 to / (hence sends the 
horospheres centered at 00 to the horospheres centered at /) and fixes 0. The maximal one- 
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parameter unipotent subgroup of SL2 (K) fixing 00 is g 1— > ( ® \ . Hence the maximal 



1 

one-parameter unipotent subgroup (u g ) ge g of SL^-K") fixing / is g 1— y u g = 7/ ^ ^ ^7^ 1 . 

We fix the parametrization of the geodesic lines starting from / so that they cross at time 
t = through "ff dHBoo. Note that there exists a constant d £ M such that for all g £ K, 
we have 

|A q > 5 7/^ 2 )-Aq,( % ^ 2 )| <c'. 

By |Paul[ Coro. 5.2], for all g £ K, Hamenstadt's distance between the geodesic lines 

1 

starting from 00 and ending at and at g, passing through <9HBoo at time 0, is |g| log9 . 
Since 7^ is an isometry and jfi) = u g ■ 0, with #*(•,•) defined in Corollary I14[ we hence 
have 

8*(u g • 0,0) = log g \g\ . 

The map from K to d^Y^- — {/} sending g to r] = u g ■ is a homeomorphism, and 
7?(0) = ii 9 7/[<^ 2 ]. Hence 

A e ( ?? (0)) A Q > 3 ^ 2 ) 
hmsup — = hmsup — 2 — . n(n 

»7€SooT-{e,} °*{V,V*) \g\^+oo ^g q \g\ 

Let us denote by Uqo : — > Z U {+00} the valuation associated to the absolute value 
I • I, so that for all / S K, we have 



/ 



By |PauH §6.3], the geodesic line starting from 00 and ending at / (passing at time 
t = through <9HBoo) enters successively the interiors of the horoballs of the SL2(^4)- 
equivariant family of maximal horoballs with pairwise disjoint interiors which are centered 
at the convergents of /. Furthermore, if x n is its entering vertex in HB_p„ and y n its point 

Qn 

the closest to S^, then 

d{x n ,y n ) = -d(x n ,x n+ i) = -Voo(a n+ i) . 

In particular, 

n 

d(x ,y n ) = ^2 ~ 2v oo{ai) ~ V oc (a n+ i) = lo S g \ a n+l \ 



n 

2 



a 

i=i i=i 



By the definition of Aq„, we are only interested in the penetration of the geodesic line 
]oo, /[ in the horospheres HBp with P,Q £ A relatively prime and Q = mod Q*. Since 

Q 

the geodesic ray from 7/[^ 2 ] to / coincides, for times big enough and up to translation, 
with the geodesic line ]oo, /[ , we have 

,. A e (7?,(-t)) log |a n+ i| 

hmsup = hmsup ■, — ttt ■ (11) 

t : Q„=0 mod Q* log g \ a n+ \ [[ i=1 a i 
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By |PauH §6.3], with the above notation, we also have 

d(x ,y n ) = Voo (/ - — -) = - log q | / - -p | , 

and 

d(x ,X n ) = -2 Voo(Q n ) = 2 log q \Q n \ ■ 

Since | /— 5 | is at least 1 if 5 is not a convergent of /, we hence have, by the definition 
of the approximation exponent VQ t , 

2 .. . , 2 log | Q | . 21og g |Q n | 
= limmt „— = liminf - „ — 

VQ, |Q|^+oo : Q=0 mod Q, -log I / - ^ I n^+oo : Q„eO mod Q, - log^ \f - ^ \ 

liminf d j X ° ,Xn l 

n-s-+oo : Q n =Q mod Q, d(Xo, Un) 



lim inf 



n-v+oo : Q n =0 mod Q, Ya=1 -2l>oo(ai) - ^00(^71+1) 

log |a n +i| 

= 1- lim sup j — 2T . (12) 

n->+oo : Q n =0 mod Q, logg lli=l ^ | 

Now Theorem [J5] follows from Equation (|1U|) , Equation (jlip , and Equation (|12p . □ 

Remark. Note that the definition of Aq 4 is related to the choice of one of the ends of 
Tg t \T^ (the one corresponding to the geodesic ray in with vertices \G x X~ n 6\ for 
n 6 N). Other choices of ends give analogous Diophantine approximation results. 
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